
Journal of Applied Mathematics, Islamic Azad University of Lahijan, Vol.8, No.4(31), Winter 2012, pp 73-85 
ISSN 2008-6083 

73 

Extending a New Optimal Goal Function for Estimating of Humanoid 
Robot Stability 

 
A. R. Sedaghat*1, M. Etemadi2 

1- Departmet of mechanics, Islamic Azad University, Lahijan Branch 
2- Departmet of electronic, Islamic Azad University, Lashtenesha branch 

 
Abstract 
In most theoretical researches done on controlling the states influenced by the feet support 
surface turbulences, the optimization (optimal) criterion is only the locating of the center of 
pressure or the image of the center of mass or its extrapolated vector in the boundary of feet 
support surface, and no attention is paid to the consumed energy or the joints' torque. In this 
paper an objective function closest to the humanoid robotbeings' real behavior facing support 
surface turbulences is introduced through making dynamic models of humanoid robotbeings' 
body and studying different stability criteria such as the support's vertical force criterion, the 
center of pressure, the mass center's extrapolated vector, the zero moment point, and also the 
minimization of consumed energy in joints. Moreover, with an analysis of the obtained results, a 
quality and quantity comparison has been made between the above-mentioned criteria. The 
obtained results of this study can be used to achieve moving paradigms closest to the healthy 
humanoid robotbeings. The obtained models can also be presented to physiotherapists in order 
for them to design appropriate practices (tasks) for unhealthy and unbalanced people. Also the 
results can be used for people to get rid of injuries.  
 
Keywords: Support Surface Perturbation, Humanoid robot' Stability Criteria, the Estimation of 
Humanoid Robot' Reaction. 
 
 
1 Introduction 
 
One of the most basic questions in biomechanics in making dynamic patterns of 
humanoid robotbeings is the question that among the infinite muscular activity patterns 
or the function criteria, which one should be chosen which is closest to the humanoid 
robotbeings' movement patterns. The hypothesis regarding this is that in performing a 
motor activity, CNS generates harmonic activities to optimize some of the functioning 
items such as energy and path smoothness. Based on this, two different kinds of 
objective functions have been proposed namely the kinematic and the dynamic 
objective functions. 

In kinematic objective functions the aim is the smoothness of the path. For 
example, the objective function can be the square of the jerk amount. The second type 
of objective functions has been formulated based on dynamic quantities. For this we can 
name the sum of squares of the applied torque on joints. Generally these models have 
been successful in regenerating the observed paths in different conditions [1]. 

One of the turbulences applied in the realm of the humanoid robot body control and 
balance is the shifting or rotary movement underneath the foot's surface [2]. Agitations 
in the surface underneath the feet, is among the threats that humanoid robot may 
encounter during the daily chores, and this may lead to fall and injuries. 
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A lot of studies have been performed on humanoid robot stability facing the support 
turbulences. William et al. [3] assumed that in static conditions the person is stable 
unless the image of the mass center exits the support surface. However, Pai et al. [4] 
proposed that in order to have a better idea toward the dynamic stability boundary in our 
computations, we should consider the effect of the speed (velocity) of the mass center in 
our calculations too. They defined the mass center's extrapolated vector. In another 
study, Iqbal and Pai [5] through using simulation and optimization on a biomechanical 
model studied the effect of knee's movement on keeping the balance. Kou et al. [6,7] 
with the help of a biomechanical model of skeletal muscle and using optimization 
techniques calculated a group of all wrist and back accelerations which based on the 
severity of the base inconstancy and the minimum of the stimulation of muscles had the 
ability to restore the body's stable harmonic status. These calculations were for two 
different objective statuses namely the position objective (the directness of the body's 
direction) and the stability objective (keeping the mass center in the boundary of 
stability). 

Pai and Patton [8] taking the condition that while standing the center of pressure is 
in the sole, proposed a pendulum model to predict balance. They compared the results 
of the tests on persons with the predictions obtained from their model in two following 
cases: 1- The safety boundary of the pressure center which is the lowest distance 
between the pressure center and the foot edge. 2- The route of the mass center with 
possible states (postures). A good correlation (conformity) has been noticed between the 
predictions of their model and the results of the tests. So In order for the people to be 
stable while standing, the pressure center should always be in the sole. Popovic et al. [9] 
through calculating (computation of) the position of the feet's' pressure center reached a 
stability criterion for achieving the stability (stagnation) status of humanoid robot. 

     Moreover, in other studies the criterion of vertical forces of supports has been 
used for stability of humanoid robot' model against the rotary turbulences of the surface 
underneath the feet. In the current paper, with the dynamic modeling of humanoid robot' 
body in the form of a two-dimensional 5-link in sagittal platform, first we have solved a 
few dynamic models, and then we have applied a torque in the form of rotation 
underneath the feet surface to the model. Through studying (checking) different criteria 
such as the supports' vertical forces, the zero moment point, the pressure center, the 
locating (existence) of extrapolated vector of mass center inside the support surface, 
minimizing the consumed energy in joints, and also a combination of these criteria we 
have achieved a criterion closest to the real behavior of humanoid robot. 
 
 
2 Solution of dynamic equations 
 
A two-dimensional, 5-link model in sagittal platform has been used to simulate the 
humanoid robot' body kinematically and kinetically. The anatomical structure has been 
assumed in the form of a group of rigid links demonstrating the head, body, hand, leg, 
shin, and foot (figure 1). These parts (segments) are joined together with four joints 
namely the ankle, knee, back, and shoulders. 
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Fig. 1 A-the 5-link model of humanoid robot body, B- the feet's parameters 
 
 

Each link is described with four anthropometrical and inertia characteristics which 
are: mass, length, gyration radius, and the distance of the mass center toward the farther 
joint (Distal). The location of the mass center of each part is assumed to be on a point 
on the joining line of two neighboring joints. We obtain the amount of the above-
mentioned parameters from the anthropometrical tables [10] (tables 1 and 2). 
 
 
Table 1 the anthropometrical amounts of feet 
 

݈(݉) ݈(݉) ݈(݉) 
0.008 0.004 0.032 0.009 0.016 

 
 
Table 2 the anthropometrical amounts of parts 
 

Segment Foot Shank Thigh Trunk Hand 
Length(m) 0.031 0.051 0.051 0.060 0.101 
Mass(kg) 0.254 0.804 1.729 5.000 0.876 

Length of CoM(m) 0.156 0.029 0.029 0.021 0.475 
 
 
In order to define the outside turbulence and applying it, we hypothesize the platform 
underneath the feet as shown in figure 2: 
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Fig. 2 The platform underneath the feet and its parameters 
 
 
Through using denavit-Hartnberg symbolization (indexing) and using the repetitive 
algorithm of newton-euler [11] the dynamic equations for parts such as leg, body, head 
and hand have been solved to gain its resulted forces and torques on the ankle's joint. In 
the next section taking the criterion of selected stability into mind, the equations related 
to the feet will be solved. For example, in order to reach the zero moment point (figure 
3), and with writing three balance equations and one conditional equation (the zero 
moment point locates on OA line), we can specify the location of the zero moment 
point, and the horizontal and vertical components of applied forces on feet. 
 
௫௭ܨ = ݉(ܾ + ℎ)൫ߠଶ̇ߠ݊݅ݏ − ൯ߠݏܿߠ̈ + ߠݏ௫ܿܨ −  (1)             ߠ݊݅ݏ௬ܨ
 
௬௭ܨ = −݉(ܾ + ℎ)൫ߠଶ̇ߠ݊݅ݏ + ൯ߠݏܿߠ̈ + ݉݃ + ߠݏ௬ܿܨ +  (2)          (ߠ݊݅ݏ௫ܨ

 

 
 
Fig. 3 Forces applied on sole and the zero moment point 

 

ܺ௭ = ௫௭ܨ−)
ୱ୧୬(ఏାఈభ)ିୱ୧୬(ఏାఈమ)

௦(ఏାఈభ)ିୡ୭ୱ (ఏାఈమ)
+ ௬௭)ିଵܨ × ቈܨ௫௭݈ଵ ቆ−ܿߠ)ݏ + (ଵߙ ୱ୧୬(ఏାఈభ)ିୱ୧୬(ఏାఈమ)

௦(ఏାఈభ)ିୡ୭ୱ (ఏାఈమ)
+

ߠ)݊݅ݏ + (ଵߙ − ߠ)݊݅ݏ + ଶ)൰ߙ + ܰ − ௫ℎܨ + ௬݈ܨ − ݉݃(ℎߠ݊݅ݏ − (ߠݏܿܽ + ܫ ߠ̈ −

݉ ቀ−ܽ൫ܾ̇ߠଶ + ൯ߠ̈ܽ + ℎ൫ܽ̇ߠ −  ൯ቁ                   (3)ߠܾ̈
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In equation 3, terms a, b, ߙଵ, ߙଶ, ݈ଵ are linked to the geometrical parameters of the 

platform underneath the feet. 
The mass center's coordinates and the horizontal velocity of the mass center can be 

obtained using the following equations: 
 

ܺெ = ∑ 
ఱ
సభ
ெೌ

  

ܺ̇ெ = ∑ ̇
ఱ
సభ
ெೌ

             (4)  

ܻெ = ∑ 
ఱ
సభ
ெೌ

                           

ܻ̇ெ = ∑ ̇
ఱ
సభ
ெೌ

                     
 
 
3 Optimization 
 
As dynamic equations are non-linear, we face an optimization and conditional problem 
here. Before the optimization, the objective function and the conditions should be made 
clear. 

Based on the criterion of the supports' vertical forces, in order to keep the stability 
against outside turbulences the person should change the position of parts or change the 
speed and the parts' angular accelerations to equalize the forces between the paw and 
the heel with the amount of this while standing in normal conditions [12]. Based on this 
criterion, the objective function is defined as follows: 

 
ܨ = ((ிబ

ிబ
) × ௧ܨ −  )ଶ                  (5)ܨ

 
The zero moment point is a point in which the resultant of all torques applied to the 
model is zero. This is used mostly in the field of the stability of quasi-humanoid 
robotrobots [13]. To keep the static balance of the model, we have to put the center of 
gravity in the boundary of support, but for dynamic balance it may happen that the 
center of gravity is out of this arena. This is the time that it is necessary to put the zero 
moment point in the selected arena. Based on this criterion, the objective function is 
defined as follows: 
 
ܨ = (ܺ௭ − ܺ௭)ଶ      (6) 
 
One of the other criteria of dynamic stability is the locating of the extrapolated vector of 
the position of the mass center in the boundary of feet's support. The extrapolated vector 
of the horizontal position of the mass center is defined as follows [14]: 
 

ܺெ = ݔ + ௫̇
ఠబ

 , ߱ = ට݃
݈ൗ                   (7) 
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In which g is the gravity acceleration and l is the length of the reverse pendulum which 
in this study is equal to the vertical position of the mass center in the condition of 
normal standing. Having this criterion in mind, the objective function can be seen as: 
 
ܨ = (ܺெ − ܺெ)ଶ             (8) 
 
Other criteria are the consumed energy in the joints or the generated torques defined as 
follows: 
 
ܨ = ∑ |߬|ହ

ୀଵ  , ܨ = ∑ ห߬ × ప̇หହߠ
ୀଵ        (9) 

 
In the above equation ߬ denotes the torque of the ith joint. 
In the current study in addition to the above functions, a combination of functions has 
been assumed as the objective function too, e.g. we can refer to the following objective 
function: 
 
( ଵܹ|ܺெ − ܺெ| + ଶܹ ∑ ܹାଵ

ହ
ୀଵ |߬|)ଶ = 0        (10) 

 
The W’s are the weight coefficients. 

One of the most important optimization conditions is the joint movement boundary 
which for the above-mentioned, two-dimensional model is as follows: 
 
 
Table 3 the moving boundary of joints 
 

Joint Min(deg) Max(deg) 
Ankle -20 35 
Knee 0 150 
Hip -110 30 

Hand -240 10 
 
 
It should be noted here that for the optimization to take place we have used the 
optimization toolbox of MATLAB software [15]. 
 
 
4 Discussions 
 
In the model used here there are four joints. In order to keep the stability, for each joint 
three parameters of angular position, speed, and optimized angular acceleration should 
be specified. Then we see that on aggregate the goal function is a twelve-variable 
function. However, for making the joint amounts dependent to each other and 
accelerating the optimization process and comparing them, the optimization has been 
done just based on angular positions; also in order to reach these positions, in each time 
interval the average amounts of speed and angular accelerations have been calculated. 
A rotary perturbation is put into the base as seen in figure 4: 
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Fig. 4 the rotary perturbation function applied on the platform underneath the feet 
 
 
The optimization of joints' angular position based on different criteria has been 
performed, and diagrams related to the angles' optimized amounts, speeds, estimated 
angular accelerations based on the position of angles and the pressure center, the mass 
center and its extrapolated vector, the zero moment point, torque, the joints' consumed 
powers, the paw's and sole's forces, and the changes in the model's mechanical energy 
has been drawn. For example, in figures 5 to 11 you see the results of optimization 
based on the criterion of the zero moment point.  
 
 

 
 
 
Fig. 5 the optimized angular positions for the criterion of zero moment point 
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Fig. 6 the speeds and the optimized accelerations of the joints 
 

 
 
Fig. 7 the position of zero moment point (in the frame of reference) 
 
 

 
 
Fig. 8 the position of the pressure center 
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Fig. 9 A: the forces applied on paw B: the forces applied on sole (reached by the ZMP criterion) 
 

 
Fig. 10 A: the horizontal position of the mass center B: the horizontal position of the mass center's 
extrapolated vector 
 

 
 
Fig. 11 A: the sum of the torques of joints B: the sum of the consumed powers of joints C: the mechanical 
energy of the model 
 
 
As seen in figure 8, after performing the optimization the feet's pressure center always 
remains in a constant point; however, due to the experienced results we know that the 
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pressure center because of breathing even in normal standing conditions fluctuates and 
is not constant. So the performed optimization is not indicating the real reaction pattern 
of humanoid robot, and in order to gain the real pattern we should change the objective 
function.  

After surveying different goal functions, a function which seems to be compatible 
with the real reaction of humanoid robot is described as follows: 

 
ܨ = (ܺ௭ − ܺ௭)ଶ, ݍ݁ܿ = (11.2|߬ଵ| + |߬ଶ| + |߬ଷ| + |߬ସ| − 1.2|߬|) 
  
In figures 12 to 18, you can see the results of optimization based on the above new 
objective function: 
 

 
 

Fig. 12 the optimized angular positions for the proposed objective function 
 

 
 
Fig. 13 the position of the pressure center based on the proposed objective function (in frame linked to 
feet) 
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Fig. 14 the speeds and the optimized accelerations of the joints 
 
 

 
 
Fig. 15 A: the force applied on paw B: the force applied on sole (gained by the proposed objective 
function) 
 
 

 
 
 
Fig. 16 A: the horizontal position of the mass center B: the horizontal position of the mass center's 
extrapolated vector 
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Fig. 17 The sum of the torque of joints B: the sum of the consumed powers of the joints C: the model's 
mechanical energy 
 
 

 
 
 
Fig. 18 The position of the zero moment point (in the frame of the reference) 
 
 
With the new goal function the sum of the model's joint torques and the consumed 
powers during the total time of optimization equals to 16.021 newton meter and 0.451 
watts. However, in the previous objective function the aggregate of the model's joint 
torques and the consumed powers were 28.3 newton meter and 0.910 watts respectively. 
This means that with the new objective function we reach 43.4 % reduction in torque 
and 45.9 % reduction in the consumed power in joints. Moreover, as shown in figure 13 
the pressure center does not remain in a constant point, but with a series of fluctuations 
stays in the stability boundary. This is accepted from experiential results in the normal 
standing state [16]. According to the new objective function, the knee's angular changes 
are lower than the previous state and the model tries to keep the balance (with the wrist 
and back strategy and indeed a combination of both). This is accepted in experiential 
results of turbulences underneath the feet [7]. The only problem of the proposed model 
is that the smoothness of the path is a little lower compared to the former objective 
functions. 
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5 Conclusion 
 
The obtained moving pattern with the criterion of zero moment point is so similar to the 
criterion of the supports' vertical forces. In order to keep the extrapolated vector in the 
stability boundary against small turbulences, more power should be consumed. 
Moreover, this criterion provides a stabler boundary compared to other criteria. So we 
can conclude that to achieve stable moving patterns, the criterion of mass center's 
extrapolated vector is an appropriate criterion too. 

Based on experimental results, the developed objective function here provides 
patterns very similar to real behaviors of humanoid robot. Using this objective function 
will provide better predictions and results in the optimization of theories. 
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