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Abstract

In this paper, we improve divergence measure between populations that has been considered in [19, 24, 31]. Furthermore we use a version of  this measure to test  homogeneity of covariances, to test  homogeneity of means, to test  complete homogeneity in multivariate normal.
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1  Introduction

Consider the hypothesis testing structure where we have a null hypothesis
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 be the M.L.E. of the parameter 
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. A mathematical theory of hypothesis testing in which tests are derived as solutions of clearly stated optimum problems was developed by Neyman and Pearson in the 1930 and since then has been considerably extended. For review of the classic method of hypothesis testing see [1, 14, 15]. In [24], divergence statistics are used to test statistical hypothesis about one or two populations. If a k-variate normal distribution with mean vector 
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is considered, then their procedure can be used to test the following statistical hypothesis:
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To solve this problem under the information theory approach, divergence measures between 
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 p.d.f.’s must be considered. Matusita [16, 17] proposed, for the first time, a generalization of the Battacharyya coefficient to express in a quantitative way analogies and differences between 
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 populations and applied it to discriminant analysis techniques and also he derived a lower bound on the Bayes probability of missclassification. An axiomatic foundation in the discrete case was given by Kaufman and Mathai [12], and some properties of this measure were derived by Tousssaint [26]. As a generalization of the J-divergence to 
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 p.d.f.’s, Toussaint [26] defined the following measure of the divergence  
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It is clear that 
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is the Kullback-Leibler divergence between 
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. A general class of measures of divergence, called f-dissimilarity, between 
[image: image33.wmf]s

 
[image: image34.wmf])

1

(

>

s

 populations was defined by Gyrofi and Nemetz [8] .  Later Menendez et al. [20] introduced and studied new families of divergences between 
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 p.d.f.’s. Some interesting families of divergence measures between 
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 p.d.f.’s are given in Burbea and Rao [4, 11, 27]. Zografos [30] obtained the asymptotic distribution of the family of divergence measures introduced by Gyrofi and Nemetz [8] in a multinomial context. In this paper we consider the measure of divergence introduced by Toussaint [27].

 In section 2 we drive Shannon’s entropy of exponential families. In section 3, we present divergence measures between 
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populations. Mostly, we concentrate on Toussaint’s measure. Noting that 
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 used by Menendez et al. [19] is not symmetric, so we introduce some results related to this measure. In section 4, asymptotic distribution of divergence measures estimation is introduced. Finally statistical application of this concepts and methods is given in section 5.

2   Exponential Family and Shannon's Entropy  

 Let 
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w.r.t a 
[image: image45.wmf]s

-finite measure
[image: image46.wmf]m

 is called the generalized exponential model, where 
[image: image47.wmf](.)

b

and 
[image: image48.wmf](.)

R

are some specific functions, 
[image: image49.wmf]t

d

)

,...,

,

(

2

1

q

q

q

=

θ

 is the natural parameter defined in a natural parameter space 
[image: image50.wmf]d

R

Ì

Θ

, and 
[image: image51.wmf]t

 denotes the transpose of a vector or matrix. It is easy to show that  
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also for this exponential model we have: 
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then, the Fisher information matrix is
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that is a 
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It is immediate conclude that for distribution (3) the Shannon’s entropy is given by
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3  Divergence Measures Between Populations  

 In order to express in a quantitative way analogies and differences between two populations of the exponential family by means of their respective p.d.f.
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  Where
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In [23], divergence statistics are used to test statistical hypothesis about one or two populations. The problem appears if we are interested in testing hypothesis about the parameters of 
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Salicru et al. [23] and Menendez et al. [19] and Zografos [31] have used 
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We believe that, this relation is more appropriate, because 
[image: image73.wmf])

(

h

l

D

q

q

,

is not symmetric and 
[image: image74.wmf]0

)

(

=

h

l

D

q

q

,

 for 
[image: image75.wmf]h

l

=

.

Let 
[image: image76.wmf]r

i

t

id

k

i

ik

i

i

i

,...,

1

)

,...,

,

,...,

,

(

)

1

(

2

1

=

=

+

q

q

q

q

q

θ

, and we assume that 
[image: image77.wmf]j

ij

1

q

q

=

 for 
[image: image78.wmf]}

,...,

1

{

k

j

Î

and 
[image: image79.wmf]r

i

,...,

2

=

. Then the joint parameter space 
[image: image80.wmf]G

is an open subset of 
[image: image81.wmf]k

k

d

r

R

+

-

)

(

 with elements 
[image: image82.wmf]t

rd

k

r

k

d

)

,...,

,...,

,

,...,

(

)

1

(

)

1

(

2

1

11

q

q

q

q

q

+

+

=

γ

, and if we add the hypothesis 
[image: image83.wmf]r

θ

θ

θ

=

=

=

...

2

1

, the joint parameter space 
[image: image84.wmf]0

G

 is an open subset of 
[image: image85.wmf]d

R

. From each population, independent random samples of sizes 
[image: image86.wmf]r

i

n

i

,...,

1

,

=

 respectively are drawn. An estimator of 
[image: image87.wmf])

(

γ

D

can be obtained, on the basis of r independent random samples of sizes
[image: image88.wmf]j

n

, from populations
[image: image89.wmf])

(

ji

x

f

j

q

 for 
[image: image90.wmf]j

n

i

,...,

1

=

  and 
[image: image91.wmf]r

j

,...,

1

=

 respectively.   

Let
[image: image92.wmf]t

rd

k

r

k

d

)

ˆ

,...,

ˆ

,...,

ˆ

,

ˆ

,...,

ˆ

(

ˆ

)

1

(

)

1

(

2

1

11

q

q

q

q

q

+

+

=

γ

be the M.L.E. of 
[image: image93.wmf]γ

, then the sample estimator of 
[image: image94.wmf])

(

γ

D

is obtained via


[image: image95.wmf](

)

å

å

å

=

=

=

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶

¶

-

-

=

r

l

r

h

d

j

hj

h

lj

l

hj

lj

r

b

b

r

r

D

1

1

1

1

)

(

)

(

)

1

(

1

)

(

q

q

q

q

θ

θ

θ

,...,

θ

,                                    (7)

if we replace with the M.L.E. 
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4  Asymptotic Distribution of 
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Recall that we have 
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5  Statistical Applications 

In this section we show some application of the above results .

5.1 Homogeneity tests
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Consequently we have 


[image: image208.wmf](

)

(

)

(

)

h

l

h

t

h

l

l

h

l

h

h

l

trace

d

D

μ

μ

μ

μ

-

S

-

+

S

S

+

-

S

S

=

-

-

1

1

2

1

2

1

2

log

2

1

)

,

(

q

q

,                     (18) 

and similarly 


[image: image209.wmf](

)

(

)

(

)

h

l

l

t

h

l

h

l

h

l

l

h

trace

d

D

μ

μ

μ

μ

-

S

-

+

S

S

+

-

S

S

=

-

-

1

1

2

1

2

1

2

log

2

1

)

,

(

q

q

,                    (19)

then from (6), (18) and (19), we conclude that 

[image: image210.wmf](

)

(

)

(

)

(

)

(

)

å

å

=

=

-

-

-

-

þ

ý

ü

î

í

ì

-

S

+

S

-

+

-

S

S

+

S

S

-

=

r

l

r

h

h

l

l

h

t

h

l

h

l

l

h

r

d

trace

trace

r

r

D

1

1

1

1

1

1

2

1

2

1

2

1

2

1

1

)

(

μ

μ

μ

μ

,...,

q

q


Therefore  
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For now consider the following null hypothesis.

i) test of homogeneity of covariances, i.e. 
[image: image212.wmf]r

H

S

=

=

S

...

:

1

0

. 

In this case, for large m, 
[image: image213.wmf]0

H

 is rejected if 

[image: image214.wmf](

)

(

)

11

1

11

2

(1)(1)

,

2

11

()

22(1)22

rr

rhllh

lh

rdd

mrm

DtraceSStraceSSd

r

c

a

qq

--

==

-+

ìü

=+->

íý

-

îþ

åå

,...,

,
where
[image: image215.wmf]h

S

is the M.L.E. of 
[image: image216.wmf]h

S

.

ii) test of homogeneity of mean, i.e. 
[image: image217.wmf]r

H

μ

μ

=

=

...

:

1

0

, given 
[image: image218.wmf]h

S

’s are known values. In this case, for large m, 
[image: image219.wmf]0

H

 is rejected if

[image: image220.wmf](

)

(

)

(

)

11

11

2

(1),

1

ˆˆˆˆ

2(1)2

rr

t

lhhllh

lh

rd

m

r

c

a

--

==

-

ìü

-S+S->

íý

-

îþ

åå

μμμμ

,
where 
[image: image221.wmf]h

μ

ˆ

is the M.L.E. of 
[image: image222.wmf]h

μ

.

iii)
[image: image223.wmf]r

H

μ

μ

=

=

...

:

1

0

 , given that 
[image: image224.wmf]r

S

=

=

S

...

1

 are unknown values.
In this case, for large m , 
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5.2 Test of homogeneity of variances

Let 
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  respectively. Bartlett [2] suggest the below test statistics when the sample size from r population be unequal, 
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then from (6) we have
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we know that the M.L.E. of 
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If samples size be disparate we use (4.9) with below Rao and Scott hint.
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5.3  Application

Consider that we will to compare precision of three packet mechanism. The ith machine (i=1,2,3) pour a specific value of material to specific packet(according to normal distribution with
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as a standard  deviation ).For dealing this comparison we use test of homogeneity of variances as below.

 The Following data is three random sample from 
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The eigenvalues of this matrix are 
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And obviously
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 is rejected. For compute Bartlett test statistics we have 
                                                        Table 1. Descriptive Statistics

	
	N
	Mean
	Std. Deviation

	Sample1
	8
	.1750
	1.51351

	Sample2
	10
	-.1900
	2.79422

	Sample3
	15
	-.6000
	5.21742


and 
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It’s turn out that 
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 is rejected.

The reader can compare difference between critical value and test statistics value in two former and modern methods which can show (no prove) that the modern method reject
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 with high power.    

6  Conclusion 
Here I used and improved a new version of divergence measures for test of complete homogeneity in multivariate normal distribution and homogeneity of variances in 
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 independent normal distributions. Probably in future be able to prove advantage of this new method versus former methods.    
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