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Abstract
One of the methods for solving definite integrals is modified trapezoid method, which is obtained by using Hermitian interpolation (see e.g. [12]). In this article, we have used modified trapezoid quadrature method and Generalized differential to solve the Fredholm fuzzy integral equations of the second kind. This method leads to solve fuzzy linear system. Finally the proposed method is illustrated by solving some numerical examples. 
Keywords: Modified Trapezoid Method, Fuzzy Linear System, Generalized Differential.
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1  Introduction

Topics of fuzzy integral equations (FIE) which growing interest for some time, in particular in relation to fuzzy control, have been rapidly developed in resent years.

Prior to discuss fuzzy integral equations and their associated numerical algorithms, it is necessary to present an appropriate brief introduction to preliminary topics such as fuzzy number and fuzzy calculus.

The concept of integration of fuzzy functions was first introduced by Dubois and Prade [2] and investigated by Goestschel and Voxman [7], Kaleva [1], Nanda [8] and others. One of the first applications of fuzzy integration was given by Wu and Ma who investigated the fuzzy Fredholm integral equation of the second kind (FFIE-2). The numerical solutions of FFIE-2 are introduced by Allahviranloo et.al. in[13,14,15].

In this work we concentrate on numerical procedure for solving FFIE-2. In Section 2 we bring some basic definitions of fuzzy subsets and distance between fuzzy numbers. In Section 3 we explain modified trapezoidal method as a numerical method for solving the system of FFIE-2. In Section 4, we have some examples to illustrate the mentioned method and the conclusion is drawn in Section 5.   
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2  Preliminaries

We begin this section with defining the notation we will use in the paper. Let us denote by 
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the class of fuzzy subsets of the real axis, satisfying the following properties:

         (i) 
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Also are known the following results and concepts.
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Proof: see [9].
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3  Linear Fredholm fuzzy integral equations of the second kind    
The general form of these equations is as follows:

         
[image: image94.wmf]b

a

x(s)f(s)k(s,t)x(t)dt,

=+

ò

                                          
 where 
[image: image95.wmf])

,

(

t

s

K

is a arbitrary given fuzzy function over the square 
[image: image96.wmf]b

t

s

a

£

£

,

 and  f (s) is a given fuzzy function of 
[image: image97.wmf][

]

b

a

s

,

Î

. If  for solving (9), we approximate the right-hand  integral (9), with the repeated modified method, we have

[image: image98.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

[

]

   

,

,

0

0

,

0

0

,

12

2

,

2

1

1

,

0

0

,

2

n

x

n

s

s

K

n

x

n

s

s

J

x

s

s

K

x

s

s

J

h

n

x

n

s

s

K

h

n

j

j

x

j

s

s

K

h

x

s

s

K

h

s

f

s

x

¢

+

-

¢

+

+

å

-

=

+

+

+

=

  
where 
[image: image99.wmf]t

t

s

K

t

s

J

¶

¶

=

)

,

(

)

,

(

. By using r-cuts form of fuzzy functions we consider three cases. In all  of the cases we suppose that 
[image: image100.wmf]ij

J

 is positive for all i,j .    
 Case 1  If 
[image: image101.wmf]o

x

¢

and 
[image: image102.wmf]n

x

¢

 are differentiable in the first form  1 and 
[image: image103.wmf]:

,

,

1

,

0

,

,

,

0

,

0

n

k

j

ij

K

k

j

ij

K

K

K

+

=

£

=

³



[image: image104.wmf](

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

(

)

(

)

[

]

]

,

,

,

,

,

,

,

0

,

,

0

0

,

0

,

,

0

0

[

12

2

,

,

,

2

1

1

,

,

,

1

,

,

,

,

0

,

,

0

0

2

,

,

,

,

,

,

r

n

s

x

r

n

s

x

in

K

r

n

s

x

r

n

s

x

in

J

r

s

x

r

s

x

i

K

r

s

x

r

s

x

i

J

h

r

n

s

x

r

n

s

x

in

K

h

n

k

j

r

j

s

x

r

j

s

x

ij

K

h

k

j

r

j

s

x

r

j

s

x

ij

K

h

r

s

x

r

s

x

i

K

h

r

i

s

f

r

i

s

f

r

i

s

x

r

i

s

x

¢

¢

+

-

¢

¢

+

+

+

å

-

+

=

+

å

=

+

+

+

=

                

Then we have:


[image: image105.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

]

,

,

0

0

[

12

2

,

]

12

2

2

[

,

1

1

,

1

,

0

0

12

2

0

2

,

,

r

n

s

x

in

K

r

s

x

i

K

h

r

n

s

x

in

J

h

in

K

h

r

j

s

x

n

k

j

ij

K

h

r

j

s

x

k

j

ij

K

h

r

s

x

i

J

h

i

K

h

r

i

s

f

r

i

s

x

¢

+

¢

+

-

+

å

-

+

=

+

å

=

+

+

+

=

ú

ú

û

ù

ê

ê

ë

é

          
   
[image: image106.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

].

,

,

0

_

0

[

12

2

,

]

12

2

2

[

,

1

1

,

1

,

0

0

12

2

0

2

,

,

r

n

s

x

in

K

r

s

x

i

K

h

r

n

s

x

in

J

h

in

K

h

r

j

s

x

n

k

j

ij

K

h

r

j

s

x

k

j

ij

K

h

r

s

x

i

J

h

i

K

h

r

i

s

f

r

i

s

x

¢

+

¢

+

-

+

å

-

+

=

+

å

=

+

+

+

=

ú

ú

û

ù

ê

ê

ë

é

    (12)   

 Case 2   If 
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Also we have:
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Case 3  If 
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Also we have:  
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By taking derivative form Eq. (9) and setting   
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We note that if x be a solution of ( 9) it is a solution of (17) too.

Consider the partial derivative
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In this case, we solve Eq. (17) with repeated trapezoid method, so we have
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Now by using r-cuts form of fuzzy functions we consider three cases:  
Case 1  If 
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 Then we have
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Case 2  If 
[image: image130.wmf]x
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 are differentiable in the second form  2 and
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Then we have
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Case 3  If 
[image: image136.wmf]x
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 is differentiable in the first form 1 and 
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 is differentiable in the second form (2) and 
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Then we have:

[image: image140.wmf](

)

(

)

(

)

(

)

(

)

(

)

r

n

s

x

in

H

h

r

j

s

x

n

k

j

ij

H

h

r

j

s

x

k

j

ij

H

h

r

s

x

i

H

h

r

i

s

f

r

i

s

x

,

2

,

1

1

,

1

,

0

0

2

,

,

+

å

-

+

=

+

å

=

+

+

¢

=

¢

  (22)             
[image: image141.wmf](

)

(

)

(

)

(

)

(

)

(

)

r

n

s

x

in

H

h

r

j

s

x

n

k

j

ij

H

h

r

j

s

x

k

j

ij

H

h

r

s

x

i

H

h

r

i

s

f

r

i

s

x

,

2

,

1

1

,

1

,

0

0

2

,

,

+

å

-

+

=

+

å

=

+

+

¢

=

¢

        (23)        

From system (18), we obtain two equations for i=0,n. These two equations with system (11) make the following system:
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Also from system (19), we obtain two equations for i=0,n. These two equations with system (12) make the following system:
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Where by composition system (24) and system (25) we obtain a system with 2(n+3) unknowns. Using matrix notation we get 
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Related to properties above system is given [11]. Using system (3.19) the approximate solution of equation (10), in case 1 is achieved. Also from system (20), we obtain two equations for i=0,n and from system (21), we obtain two Other equations for i=0,n where this four equations with two systems  (13), (14) all together consist a system with 2(n+3) equations and 2(n+3) unknowns. 
The above results satisfying in systems (13), (14), (15),(16). By using these systems we obtain the approximate solutions for two case 2, 3.           
4  Numerical examples

Now we apply the method to solve two examples. We solve these examples by MATLAB.

Example 4.1  Consider the following fuzzy Fred Holm integral equation
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and Kernel
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 and a=1, b= - 1.

For 
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we obtain Matrix 
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 as follow:  


	0.0042
	0
	0.0533
	0.1538
	0
	0
	0
	0.0208
	0
	0.1538
	0.2500
	-0.7500

	0.0104
	0
	0.1354
	0.4000
	0
	0
	0
	0.0104
	0
	0.4000
	-0.5000
	0.1354

	0.0167
	0
	0.2133
	0.5000
	0
	0
	0
	0.0064
	0
	-0.5000
	0.4000
	0.0828

	0.0208
	0
	0.2500
	0.4000
	0
	0
	0
	0.0042
	-1.0000
	0.4000
	0.2500
	0.0533

	0
	0
	0.0800
	0.1420
	0
	0
	0
	-1.0000
	0
	0
	0.2500
	0

	0
	0
	0
	-0.3200
	0
	0
	-1.0000
	0
	0
	0
	-0.2500
	-0.0400

	0
	0.0208
	0
	0.1538
	0.2500
	-0.7500
	0.0042
	0
	0.0533
	0.1538
	0
	0

	0
	0.0104
	0
	0.4000
	-0.5000
	0.1354
	0.0104
	0
	0.1354
	0.4000
	0
	0

	0
	0.0064
	-1.0000
	-0.5000
	0.4000
	0.0828
	0.0167
	0
	0.2133
	0.5000
	0
	0

	0
	0.0042
	-1.0000
	0.4000
	0.2500
	0.0533
	0.0208
	0
	0.2500
	0.4000
	0
	0

	0
	-1.0000
	0
	0
	0.2500
	0
	0
	0
	0.0800
	0.1420
	0
	0

	-1.0000
	0
	0
	0
	-0.2500
	-0.0400
	0
	0
	0
	-0.3200
	0
	0


Also obtained solution for 10 r-level as r=0, 0.1, 0.2, …., 1 are given in table 1.

Table1. Numerical results of Example 4.1
	r=1
	r=0.9
	r=0.8
	r=0.7
	r=0.6
	r=0.5
	r=0.4
	r=0.3
	r=0.2
	r=0.1
	r=0
	

	-0.2081
	-0.3081
	-0.4080
	-0.5079
	-0.6078
	-0.7078
	-0.8077
	-0.9076
	-1.0075
	-1.1074
	-1.2074
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s

x



	-1.7708
	-1.8804
	-1.9899
	-2.0995
	-2.2091
	-2.3186
	-2.4282
	-2.5378
	-2.6473
	-2.7569
	-2.8665
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s
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	-2.1045
	-2.1922
	-2.2799
	-2.3676
	-2.4553
	-2.5430
	-2.6307
	-2.7185
	-2.8062
	-2.8939
	-2.9816
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;

(
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s
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	-1.4567
	-1.5223
	-1.5819
	-1.6535
	-1.7191
	-1.7847
	-1.8503
	-1.9159
	-1.9815
	-2.0471
	-2.1127
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;

(
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	0.1416
	0.0822
	0.0225
	-0.0372
	-0.0968
	-0.1565
	-0.2162
	-0.2759
	-0.3356
	-0.3953
	-0.4550
	
[image: image161.wmf])

;

(
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r

s

x

¢



	2.1244
	2.0778
	2.0311
	1.9844
	1.9377
	1.8910
	1.8444
	1.7977
	1.7510
	1.7043
	1.6576
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(
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¢



	-0.2081
	-0.1082
	-0.0083
	0.0916
	0.1916
	0.2915
	0.3914
	0.4913
	0.5912
	0.6912
	0.7911
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	-1.7708
	-1.6612
	-1.5517
	-1.4421
	-1.3325
	-1.2230
	-1.1134
	-1.0038
	-0.8943
	-0.7847
	-0.6751
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	-2.1045
	-2.0167
	-1.9290
	-1.8413
	-1.7536
	-1.6659
	-1.5782
	-1.4904
	-1.4027
	-1.3150
	-1.2273
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	-1.4567
	1.8911
	-1.3255
	-1.2599
	-1.1943
	-1.1287
	-1.0631
	-0.9955
	-0.9319
	-0.8663
	-0.8007
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;

(
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	0.1419
	0.2016
	0.2613
	0.3210
	0.3807
	0.4403
	0.5000
	0.5597
	0.6194
	0.6791
	0.7388
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(
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¢



	2.1244
	2.7711
	2.2178
	2.2645
	2.3112
	2.3578
	2.4045
	2.4512
	2.4979
	2.5446
	2.5912
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Example 4.2 Consider the following fuzzy Fredholm integral equation
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and a=0,b=2.
For 
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 we get:

	0.0131i
	0
	0.0015+002357i
	0.3651i
	0
	0
	0
	0
	0
	0.3651i
	0.1925i
	-1.0000

	0.0120i
	0
	0.0022+0.2152i
	0.3103i
	0
	0
	0
	0.0053
	0
	0.3103i
	-1.0000
	0.1012

	0.0083i
	0
	0.0055+0.1491i
	0
	0
	0
	0
	0.0101
	0
	-1.0000
	0.3103
	0.1863

	0
	0
	0
	0.2981
	0
	0
	0
	0.0131
	-1.0000
	0.2981
	0.4303
	0.2372

	0
	0
	0.0533
	0.1344
	0
	0
	0
	-1.0000
	0
	0
	0.1800
	0

	0
	0
	0
	-0.1983
	0
	0
	-1.0000
	0
	0
	0
	-0.0779
	-0.0267

	0
	0
	0
	0.3651i
	0.1925i
	-1.0000
	0.0131i
	0
	0.0015+0.2357i
	0.3651i
	0
	0

	0
	0.0053
	0
	0.3103i
	-1.0000
	0.1012
	0.0120i
	0
	0.0022+0.2152i
	0.3103i
	0
	0

	0
	0.0101
	0
	-1.0000
	0.3103
	0.1863
	0.0083i
	0
	0.0055+0.1491i
	0
	0
	0

	0
	0.0131
	-1.0000
	0.2981
	0.4303
	0.2372
	0
	0
	0
	0.2981
	0
	0

	0
	-1.0000
	0
	0
	0.1800
	0
	0
	0
	0.0533
	0.1344
	0
	0

	-1.0000
	0
	0
	0
	-0.0779
	-0.0267
	0
	0
	0
	-0.1983
	0
	0


And obtained Solution for r-level as r=0, 0.2, 0.4, 0.6, 0.8 are given in table 2.

  Table2. Numerical results of Example 4.2
	r =0.8
	r =0.6
	r =0.4
	r =0.2
	r=0
	

	-1.0245+1.0067i
	-1.0280+1.1000i
	-1.0314+1.11933i
	-1.0349+1.2865i
	-1.0383+1.3798i
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(
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x



	-0.5383+1.0851i
	-0.5907+1.1889i
	-0.6431+1.2926i
	-0.6955+1.3964i
	-0.7479+1.5007i
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;

(

1

r

s
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	0.4713+0.9034i
	0.2252+1.0181i
	-0.0208+1.1327i
	-0.2669+1.2437i
	-0.5130+1.3620i
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;

(

2

r

s

x



	1.5657+1.1805i
	1.1403+1.2473i
	0.7149+1.3141i
	0.2896+1.3808i
	-0.1358+1.4476i
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;

(

3
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s
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	0.9614+0.1805i
	0.8078+0.3415i
	0.6541+0.3412i
	0.5004+0.3409i
	0.33468+0.3406i
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;

(
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¢



	0.6782-0.2450i
	0.4336-0.2328i
	0.1889-0.2207i
	-0.0557-0.2085i
	-0.3003-0.1963i
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;
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	-1.0777+0.8207i
	-1.0142+0.7269i
	-1.0108+0.6336i
	-1.0073+0.5403i
	-1.0039+0.4470i
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;

(
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s
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	-0.4335+0.8776i
	-0.3811+0.7739i
	-0.3287+0.6701i
	-0.2762+0.5664i
	-0.2238+0.4626i
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;

(

1
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s
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	0.9634+0.6741i
	1.2095+0.5595i
	1.4556+0.4448i
	1.7016+0.3302i
	1.9477+0.2156i
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;

(

2

r

s

x



	2.4165+1.0470i
	2.8418+0.9802i
	3.2672+0.9135i
	3.6926+0.8467i
	4.1180+0.7799i
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;

(

3

r

s

x



	1.2688+0.3423i
	1.4225+0.3426i
	1.5762+0.3429i
	1.7299+0.3432i
	1.8835+0.3435i
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0
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¢



	1.7674-0.2693i
	1.4120-0.2815i
	1.6567-0.2937i
	1.9073-0.3058i
	2.1459-0. 3181i
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 5  Conclusions

In this paper we presented the generalized differentiability for linear integral equations. We illustrated a numerical algorithm for solving linear fuzzy Fredholm integral equations of the second kind, using modified trapezoid quadrature method. It feels that this work which presents applicable computational methods may help to narrow the existing gap between the theoretical research on fuzzy integral equations and the practical applications already used in the design of various fuzzy dynamical systems.
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